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Abstract. In this note wc prove the existence of a localization/dclocaUzation 
transition for Landau Hamiltonians randomly perturbed by an electric poten- 
tial with unbounded amplitude. In particular, with probability one, no Landau 
gaps survive as the random potential is turned on; the gaps close, filling up 
partly with localized states. A minimal rate of transport is exhibited in the 
region of delocalization. To do so, we exploit the a priori quantization of the 
Hall conductance and extend recent Wegner estimates to the case of unbounded 
random variables. 



1. Introduction 

In this note we prove the existence of a dynamical localization/delocahzation 
transition for Landau Hamiltonian randomly perturbed by an electric potential 
with unbounded amplitude, extending results from [GKSli [GKS2j . In |GKS1| the 
perturbation had to be sufficiently small compared to the strength of the magnetic 
field: the amplitude of the random potential was such that the Landau gaps sur- 
vived after adding the perturbation. In [GKS2j the Landau gaps where allowed to 
close, but the random potentials were bounded. In this article wc consider random 
potentials such that, with probability one, all the Landau gaps close as the ran- 
dom potential is turned on, and are shown to be (partially) filled up with localized 
states. As in |GKS1|,[GKS2| . a minimal rate of transport is exhibited in the region 
of delocalization. 

These results exploit the a priori quantization of the Hall conductance proved in 
jGKS2j . Many of the results we will need rely on [GKll IGK4| , where the random 
potential was assumed to be bounded. Such a strong assumption is not necessary, 
and can be replaced by weaker hypotheses, satisfied by the random Landau Hamil- 
tonian with unbounded random couplings studied in this paper. We will require 
Wegner estimates for these random operators, which arc obtained by extending the 
analysis of [CHKli ICHK2| to the case of unbounded random variables, a result of 
independent interest. 

We now describe the model and the results. We consider a Z^-ergodic Landau 
Hamiltonian 

Hb,Kc.=Hb+XV^ on L2(M2,da;), (1.1) 
where Hb is the (free) Landau Hamiltonian, 

HB^i-iV-Aj^ with A=f(x2,-xi). (1.2) 
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(A is the vector potential and _B > is the strength of the magnetic field, we use 
the symmetric gauge and incorporated the charge of the electron in the vector po- 
tential), A > is the disorder parameter, and is an unbounded ergodic potential: 
there is a probability space (fi, P) equipped with an ergodic group {T(a); a e Z^} of 
measure preserving transformations, a potential-valued map on fl, measurable 
in the sense that (0, VL,0) is a measurable function of u; for all 4> G C^(M^). We 
assume that 

V^{x) = ujju{x - j), (1.3) 

where the single site potential u is a nonnegative bounded measurable function on 
Mf^ with compact support, uniformly bounded away from zero in a neighborhood of 
the origin, and the Wj's are independent, identically distributed random variables, 
whose common probability distribution fi has a bounded density p with supp p = M 
and fast decay: 

<poexp(-|c^r), (1.4) 
for some po g]0, 4-oo[ and a > 0. We fix constants for u by 

C~XAs_{o) <u<C+xas_^{o) with C±,(5± e]0,oo[, (1.5) 

and normalize u so that we have || J^jez^ ^*j||oo < 1- (We write Al{x) := x + 

[—■J, for the box of side L > centered at a; e R^, with XAl(x) being its 
characteristic function. We also write Xx = XAi(x)-) 

Under these hypotheses, Hb. \.uj is essentially self-adjoint on C;?°(R'') with prob- 
ability one, with the bound ^(x) := \J 1 + 

Hb^x.s^ > ~c^{log{x)f, for all x e (1.6) 

for any given (3 > , with c^j depending also on a, /?, d. (See Lemma IATTI ) 

Moreover, the unbounded random potential satisfies the probability estimate 
of Lemma [A. 11 namely (jA.l[) . the condition that replaces the boundedness of the 
potential in |G!K1[ IGK4j . Note that (jA.ip is similar to the condition given in [Ul 
Eq. (3.2)]. Using the Wegner estimate given in Theorem IB.li we can conclude, 
similarly to the results in [U] for a continuous Gaussian random potential, that 
the results of [GKTIIGKI] . and hence also [GK21IGK5] . hold for Hb ,x,u:- (See also 
Appendix [X]) This condition also suffices for the validity of [GKS21 Theorems 1.1 
and 1.2]. Thus we just refer to pKll [GK2l iGKil [GK5l IGKS2j where appropriate. 

The spectrum a{HB) of the Landau Hamiltonian Hb consists of a sequence of 
infinitely degenerate eigenvalues, the Landau levels: 

B„ = (271-1)5, 71 = 1,2,.... (1.7) 

For further reference, we also set 

Bi=\-(x,,2B[, and S„ - S, S„ + B[, 7i = 2,3,.... (1.8) 

On the other hand, as soon as A > 0, the spectrum fills the Landau gaps and we 
have [BCH] 

o{Hb.x,u.)=% P-a.s. (1.9) 
The fact that the Landau gaps are immediately filled up as soon as the disorder is 
turned on implies that the approach used in [GKS1| is non applicable. More prop- 
erties of the Hall conductance are needed in order to perform the simple reasonning 
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that provides the existence of a dynamical transition. More precisely, it becomes 
crucial to know a priori that the Hall conductance is an integer in the region of com- 
plete localization (which includes the spectral gaps), a fact that was circumvented 
in |GKS1| by resorting to an open gap condition. That the Hall conductance for 
ergodic models is integer valued in the localization region was known for discrete 
Anderson type models since |BeESl IAG| . For ergodic Schrodinger operators in the 
continuum, it was first established in [AvSS] for energies in gaps and extended to 
the region of complete localization in [GKS2j . where the analysis of [AGj has been 
carried over to the continuum. This property has to be combined with the continu- 
ity of the Hall conductance for arbitrary small A (in order to let A go to zero) . In 
jGKS2j it is shown that it is actually enough to prove the same continuity property 
but for the integrated density of states; see [GKS2|, Lemma 3.1]. This is done in 
this note by revisiting the article |HiKSj : see Theorem IB. 21 But first, we extend the 
Wegner estimate given in jCHK2| to unbounded random variables; the estimate is 
given in terms of the concentration function of a measure which is a modification 
of the single-site probability measure ^. (Sec Theorem IB. H which has independent 
interest.) 

We state the main result of this note and its corollary. Following |GK4| IGK5| 
IGKS11IGKS2] , we set ^^'^^jj to be the region of complete localization (gaps included), 
that is, the set of energies where the multiscale analysis applies (or, if applicable, 
the fractional moment method of [AENSSj ). Its complement is the set of dynamical 
delocalization S^^. An energy E € such that for any e > 0, [E — e,E + e]r) 
7^ 0, is called a dynamical mobility edge. 

Theorem 1.1. Let Hb.\,ui be a random Landau Hamiltonian as above. For each 
n = 1,2, if X is small enough (depending on n) there exist dynamical mobility 
edges Ej^B, X) Cz Bn, j = 1, 2, such that 



max 

j=l,2 



%„(B, A) - B„ < A'„(B)A|logA|° ^ as X ^ 0, (1.10) 



with a finite constant Kn{B). (It is possible that Ei^B ,X) — E2.n{B, X), i.e., 
dynamical delocalization occurs at a single energy.) 

By the characterization of the region of complete localization established in 
|GK4j ■ Theorem 1 1.1 1 has a consequence in terms of transport properties of the Hall 
system. Indeed, to measure "dynamical delocalization" as stated in the theorem, 
we introduce 

MB,x,UP.X.t)= {x)^o-''"^''--X{Hb,x.Mo \ (1.11) 

2 

the random moment of order p > at time t for the time evolution in the Hilbert- 
Schmidt norm, initially spatially localized in the square of side one around the 
origin (with characteristic function xo)i a-nd "localized" in energy by the function 
X G (R) . Its time averaged expectation is given by 

1 f°° 

Mb.x{p,X,T)^ - ^{MB.xAP^X,t)}e-T c\t. (1.12) 
^ Jo 

Corollary 1.2. The random Landau Hamiltonian Hb,\.uj exhibits dynamical de- 
localization in each Landau band Bn{B , X) : For each n= 1,2,... there exists at 
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least one energy En{B, A) £ Bn{B, X), such that for every X g C^^_(M) with X = \ 
on some open interval J 3 En{B,X) and p > 0, we have 

MbAp.^.T)> Cp,xTi-\ (1.13) 
for allT>0 with Cp^x > 0. 

As mentioned aboved, to prove Theorem ll.il we extend the Wegner estimate of 
[CHK2| to measures ^ with unbounded support. More precisely, the finite volume 
operator H^^'^ satisfies extensions of the Wcgncr estimates of jCH| ICHK1| ICHK2| . 
As in [CHK2| . we do not require the probability measure n to have a density. 
Precise statements and proofs are given in Appendix [Bl 

2. Hall conductance and dynamical delocalization 
Wc start by introducing some notation. Given p G [1, oo), Tp will denote the Ba- 

nach space of bounded operators on L-^(M^, da;) with ||S'||tp = II -Slip = (tr|S'|P)p < 
oo. A random operator S^i is a strongly measurable map from the probability space 
(f2,P) to bounded operators on L^(E^,d.T). Given p G [l,oo), we set 

11115.1111^ ^ {E{||5.||^}}^ = \\\\S^H\Lin,r) ' (2.1) 

and 

IIII^^IIIIoo^III|5c.|||Il~(^,,p). (2.2) 

We define the {B, A, E) parameter set by 

S = {(0, 00) X [0, 00) X M} \ UBe(o,co) {(S, 0) x a{HB)}; 
that is we exclude the Landau levels at no disorder. We set 

Pb,\,E,u ~ X]-oo,E]iHB,\,Lj)- 

The Hall con ductance aH<,B,\E) is given by Ce.g. fBiEgl [XCT IBoGKSI 

IGKS11IGKS2] ! 

aH{B,\E) = -2^zE{tr{xoPBA£,-[[^BA£,-,^i],[^BAB,-,^2]]xo}}, (2.3) 

defined for {B, X,E) E S such that 

IIIIxo^'b.a.b.c^ [[Pb.\.e.m^,Xi],[Pb,x,e,uj,X2]]xo\\\\i < oo. (2.4) 

{Xi denotes the operator given by multiplication by the coordinate Xi, i = 1,2, 
and |X| the operator given by multiplication by |a;|.) In particular, aH{B,X,E) is 
well-defined for all {B, A, E) such that E G Sg\. Moreover it is proved in |GKS2| 
that (Th{B, a, E) is integer valued for all {B, A, E) such that E e We need to 

investigate the continuity properties of aniB, A, E), as A tends to zero. In |GKS2] 
wc prove that for any {B, X, E) such that E G "^^x^ ^^'^ ^"^y P > 1j there exists a 
constant C{p, B, X,E) < oo for any {B' , A', E') in a neighborhood of {B, A, E), 

\aH{B',X',E')-aH{B,X,E)\ (2.5) 
<C(p,B,X,E) sup llllxo {PB',y.E'.u-PB.x,E,u.)Xu\\\{ ■ 

We shall combine this fact with the following proposition, a consequence from The- 
orem [B]2l which includes an extension of |HiKS| to unbounded random variables. 
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Proposition 2.1. Let I be an open interval in a spectral gap of Hb- Then for all 
A > the Hall conductance is Holder continuous in E ^ I , and for any E ^ I the 
Hall conductance at Fermi energy E is Holder continuous in the disorder parameter 
A > 0. 

Proof. The proposition is a direct consequence of Theorem IB. 21 and (|2.5[) . □ 

Proof of Theorem We set 

Lb = Kb\[^, Nb = LsN, and Z% = LbI? ■ (2.6) 

Note that Lb > 1 niay not be an integer. We consider squares Ai(0) with L e Nb 
and identify them with the torii := ]R^/(iZ^) in the usual way. We further let 
Al{x) —1? C\ Ai(.T). Given L G Nb we define finite volume Landau Hamiltonians 
HBfi,L on L2(Al(0)) as in [GKSli Section 5], and set 

HB,\fi,L,u = Hbax + AFo,L,^ on L2(Ai(0)), 

Vb,L,t^(a;) = ^ ujiu{x-i), (2-7) 

It follows from pTi)) that 

> e}) < C'aexp(~i|e|") for aU e > 0. (2.8) 

Let L £ Nb (see (|2.6p ). and let i?B^A,o,L,w ^^'^ ^q,L.lj be as in (|2.7p . A straightfor- 
ward computation shows that uniformly in A £ [0, 1], 

p|'^(^^BAO,L,c.) C |J[B„-A£,B„ + A£]| >¥{\uJ^\<si^^eAl_sSO)] 

> (l-acxp(-i|er))'^"'"^' >l-C2acxp(-i|£r)L2. (2.9) 

Wc now apply the finite volume criterion for localization given in |GK21 The- 
orem 2.4], in the same way as in |GK21 Proof of Theorem 3.1], with parameters 
(we fix q e]0, 1]) rji^x = ^riB,\j,q = \'nB,i,i,q and Qb,\ i < Q- for some Q < oo 
independent of A e [0, 1] as it follows from Theorem lB.il (Note that the fact that 
we work with length scales L G Nb instead of L £ 6N only affects the values of the 
constants in [GK2l Eqs. (2.16) -(2.18)].) 

To conduct the multiscale analysis of |GK1I IGK2| , we note that in finite volume 
we have, for any given < 1, and uniformly in A G [0, 1], 

P(|AK,(.^)| < i", for aU X e Ai(2/)) (2.10) 

> P{\VU^)\ < L\ for all x G Ai(y)) (2.11) 

> l-C„exp(-iL"")L2, (2.12) 

which is as close to 1 as wanted, provided L is large enough (independently of A). 
Probabilistic bounds on the constant in SLI and EDI follow, with constants bounded 
Since we are working in spectral gaps, we use the Combes-Thomas estimate 
of [BCHl Proposition 3.2] (see also [KIkTI Theorem 3.5]-its proof, based on [BCHl 
Lemma 3.1], also works for Schrodinger operators with magnetic fields), adapted 
to finite volume as in [GK2i Section 3]. 

Now fix n S N, take / = In{B), and set L = L{n,B) to be the smallest L E 
Nb satisfying pK2l Eq. (2.16)]. Let E e I„(-B), \E - B,,\ > 2Xe, where e = 
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e{n,B,X)) > will be chosen later. Then, using ()2.9p and the Combes-Thomas 
estimate, we conclude that condition |GK2|, Eq. (2.17)] will be satisfied at energy 
E if 

e>C3(logL)^, (2.13) 
d (Ae)"^ iv^-Cv^L ^ (2.14) 

for appropriate constants Cj = Cj{n,B), j = 3,4,5, with C5 > 0. This can be 
done by choosing (in view of ()2.9p ) 

£-C3(logZ)i, (2.15) 

and taking L large enough to satisfy (|2.14p depending on A < 1. We conclude from 
pK2l Theorem 2.4] that 

[EelniB); >C5A|logA|°} cSgL^. (2.16) 

for all A < 1. In particular, for all n e N there is A„ > such that _B„ —Be 
for all A € [0,A„]. 

The existence at small disorder of dynamical mobility edges Ej n{B, A), j = 1, 2, 
satisfying pTTUl) now follows from |GKS2j and ^J^. Indeed, since B^-B e E^^^ 
for all A e [0, A„], the Hall conductance is constant at energy Bn — B for all 
A G [0, A„]. Since for A = 0, its value is n — 1, we can conclude that there is 
an energy of delocalization between Bn — B and i?„ + B = Bn+i — B for all 
A e [0,min{A„, An+i}]. Then (|2.16[) and the constancy of the Hall conductance on 
sub- intervals of 'E^\ imply the estimate (|1.10|1 . □ 



Appendices 

In these appendices we extend results known for Anderson-type random Schrodinger 
operator to unbounded random variables. These appendices are of separate interest 
and independent of the rest of the paper. 

We consider a random Schrodinger operator of the form H\^i^ = Hq + XV^ on 
L^(M'^,da:;), where the random potential is as in (|1.3|1 and A > 0. The unper- 
turbed Hamiltonian Hq will be either the Landau Hamiltonian Hb on L^(]R^,dx), 
as in (|1.2[) . or it will have the general form Hq = {—iV — Aq)^ -I- Vq on L^(K'', dx), 
d gN, where both ^0 and Vq are regular enough so that Hq is essentially self-adjoint 
on C^{M.'^) and bounded from below by some constant 8 £ R. As a sufficient condi- 
tion, it is enough to require that the magnetic potential ^0 and the electric potential 
Vq satisfy the Leinfelder-Simader conditions (cf. [BoGKSj ): 
. Aoix) G Lf„,(R'^;R'^) with V • ^o(^) € ^od^"")- 

. 1^0(2:) = VoM^) - Vo,-{x) with Vo,±{x) G Ll^iR''), Vb,±(x) > 0, and 
Vo-{x) relatively bounded with respect to A with relative bound < 1, i.e., 
there are < a < 1 and (3 > such that 

\\Vo,-M\ < "IIAV'II + PUW for all tP G ^'(A). 

We will say that Hq is periodic if Aq and Vq are Z'^-periodic. It has the property 
(UCP) if it satisfies the unique continuation principle. {Hq has the (UCP) if ^0 
and Vq are sufficiently regular; see the discussion in [CHKlj .) 
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Appendix A. Applicability of the multiscale analysis 

We provide here estimates that are needed for extending the muhiscalc analysis, 
more precisely results of pOl [GK2l iGKl iGKSl IGKSll IGKS2| . from bounded 
to unbounded random variables, as mentioned in the introduction. Finite volume 
operators are as defined in those papers. We fix the disorder A > and omit it 
from the notation. Note that the constants are all uniform in A for A < Aq. 

Lemma A.l. Given a box A, there exists L* , such that for any L > L* we have, 
for any f3 > a^^ , 

P{||XA.K,||oo < C+{logLf} > 1 - C{a, 6+,d)po exp(-C(«, /?, S+,d)\ logLj"^). 

(A.l) 

Then for V-a.e. to we have 

> -c<^(log(x))^ for all x € W^, (A.2) 

where > (depending also on d,a,(3). As a consequence H^^ satisfies the lower 
bound 

> -c^(log(a;))''', for all x E M.'^ , (A.3) 

for any given (3 > a^^ and is essentially self-adjoint on C^(M.'^) with probability 
one. 

Proof To get (|A.1I) . we note that 

P{||XA.K;||oo < C+{\ogLf} > I - C{2LyP{\u;\ > (logL)^}. (A.4) 

The bound (|A.2[) then follows from the Borel-Cantelli Lemma. Now in view of 
(|A.2p . Hb,u) satisfies the lower bound (jA.3p and thus H^^ is essentially self- adjoint on 
(M'*) with probability one by the Faris-Levinc Theorem [RSl Theorem X.38] . □ 

Bounds on the constant in SLI and EDI follow from (jA.ip . GEE follows from heat 
kernel estimates, as given in |BrLM| . As for SGEE, the bound has been derived by 
Ueki [U] for Gaussian random variables. For the reader's convenience we provide a 
short proof in the next theorem. Recall that Hq We write Eh^{I) = Xi{Hui)- 

Theorem A.2. There exist m{d) > such that ifE{\LUo\'^^'^'>+"') < oo, with a>0, 
then for any bounded interval I we have 

E{\LOortTXoEHAl)Xo} < C{Ho,d,I,a), (A.5) 

for some constant C{Hq, d, I , a) < oo. Moreover, m(l) = 1 and mid) = 2 for 
2,3. 

Proof. For simplicity, we assume that the support of uq is included in the unit cube 
centered at the origin. If not, straightforward modifications of the argument (as in 
jCHK2| ) yield the result as well. We write H = = Ho-\-V^, with Hq bounded 
from below, say Hq > 0. We denote by E the center of the interval /. We set / to 
be the interval / but enlarged by a distance d := 2\I\ from above and below: / C / 
and dist(/, /^) d. Wc have 

trxoEnil) = tr xoEH{I)EHji) + ti xoEH{I)EHo{h (A.6) 
< C{\E\ + + tr xoEh{I)Eh„ (A.7) 
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Now, with Ro{z) = {Hq - 
tT:xoEH{I)EH„{h = tvxoEH{I){H^ -E- V^)RoiE)EHo{h (A.8) 

< ^trxo^ffWxo + \trxoEH{I)V^Ro{E)EH„{nXo\ (A.9) 

< ltTXoEH{I)xo+Y.\l''^''iME)EH„inxo\\i (A.IO) 

+ |c^n||trxoSH(/)^^oi?o(£^)£^ffoU')Xo|, (A.ll) 

so that, forp > d given, taking advantage of UjXa = if j 7^ (use Helffer-Sjostrand 
formula plus resolvent identities to get trace class operators) , 

Next, if d = 1 then uqRq{E)Eho{I'^) is trace class, and E|cjo| < 00 is a sufficient 
condition. If d = 2,3 (in the present application d = 2), then Cauchy-Schwartz 
inequality leads to 

\tYX(^EH{I)u:(,uME)EHoCn\ (A.13) 

< \\xaEH{I)h\\^oRo{Q-l)x42\\{Ho + Q + l)Ro{E)EH,{n\\oo (A.14) 
<{l+ \E\ + m + l '^ \\xoEHm2\\u^MQ - l)xo||2 (A.15) 

< -ItxoEh{I)+[1+ '"' ' ' J c^2^^^^^^(0_^)2 ^^^^g) 

The latter trace is finite in dimension d = 2,3, finishing the proof provided Ewq < 
00. In higher dimensions, one repeats the very last step as many times as necessary, 
as in |CHK2j . □ 



1 . ^ ( . 1^1 + 191 + 1"" 



Appendix B. Optimal Wegner estimate with unbounded random 

variables 

In this appendix we extend the analyses of [CIIK2| and [HiKS] to unbounded 
random variables. 

Given a finite box A C M'', we denote by an appropriate self-adjoint re- 

striction of i?A,w to A, in which case H^^}^ has a compact resolvent (see jCHKli 
ICHK21 IGKSlj ). There is no other restriction on the boundary condition in The- 
orem IB.ir b).fc) below. When we use the (UCP) for periodic, as in Theo- 
rem |Rll[a), we assume periodic boundary condition as in |CHK2| . If iJo = -ffs, 
the Landau Hamiltonian, in Theorem IB. iT a) we assume finite volume operators as 
defined in [GKSll Section 4] and used in |CIIK2l Section 4]. 

If A is a Borelian, E^{A-j (A) denotes the associated spectral projection for H^^. 

In this appendix we assume < A < 1 since we are mostly interested in small 
values of the coupling constant, but arguments easily extend to A < Aq for any 
given Aq. 
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Given an arbitrary Borel measure v on the real line, we set Qv{s) to be a multiple 
of its concentration function: 

Q^{s) 8supi'{[a,a + s]) (B.l) 

Note that Qu{s) < oo li v \s a. finite measure. The Wegncr estimate in jCHK2| is 
stated in terms of Q^; in our extension to unbounded measures Q^^ is replaced by 
Qf^(g), for an appropriate q>l, where dfi^"^^ (s) :~ |s|'d/i(s) for q> 0. 

Theorem B.l. Consider H\ i^ with < A < 1. There exists 1 < m{d) < oo, such 
that i/E{|wo|™^''^} < oo, given Eq G M; 

(a) Assume either Hq = Hb or Hq is periodic with the (UCP). Then there 
exists a constant Kw{^), depending also on d, Eq, 5± and C±, such that 
for any compact interval Ac] — oo, Eq[ we have 

E{trS^<A,(A)} < AV(A)g^(„,.„(|A|)|A|. (B.2) 

(b) Assume the IDS of Hq is Holder continuous with exponent S > in some 
open interval Ag c] — oo,Eq[, then there exists a constant Kw depending 
on d, Eq, S±,C±, such that for any A < 1, A C Aq compact, |A| small 
enough, and any < 7 < 1, 

E{tri?^,A,(A)} < AVmax(|A|*MA|-''"WQ^,™,.„(|A|)) |A|. (B.3) 
In particular, if Q ^{mw) (e) < Ce^, for some ( g]0, 1], then 

E{tr£;^(A)(A)} < Xvf|A|w?)|A|. (B.4) 

(c) Assume E G Aq C (R \ cr(ifo))n] — oo,-Bo[, Aq compact, then there exists 
a constant Kw, depending on d, Eq, 6±, C± and Aq, such that for any 
A < 1 and any A C Ag centered at E, |A| small enough, 

E{trA^,A,(A)} < ifH'Ag^(™(.„(|A|))|A|. (B.5) 

We adapt the proof of [CHK2| , using the basic spectral averaging estimate proved 
in [CHK2| : Let Hq and W be self-adjoint operators on a Hilbert space H, with 
W >0 bounded. Let H^ := Hq + sW for s G R. Then, given ip € H with \\ip\\ = 1, 
for all Borcl measures on R and all bounded intervals / C R we have ( [CHI 
Corollary 4.2], |CHK2l Eq. (3.16)0 

J dz/(s) {if, VWxiiIIs)Vw^) < Q.{\I\). (B.6) 

The result is stated in [CHK2| for a probability measure ly with compact support, 
but their proof works for an arbitrary Borel measure i^. In particular, for iJ^ as in 
Theorem IB. 11 wc get, for any cj) G L^(R'*), j G Z,'^, a > 0, and any interval I^ of 
length £ > 0, 

E{\u;,r{q^,^E^Mle)V^c^)} < iQ^(», (e)||</'|p. (B.7) 



^There the estimate (IB.6I 1 is stated with W instead of VW, with the additional hypothesis 
that W < 1. But a careful reading of their proof shows that they actually prove IIB.6t as stated 
here. 
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As a consequence, for any trace class operator S > 0, 

E[\u;,rtr[^E^,.^{Q^s]} < i(tr 5)Q^(„) (e). (B.8) 

Proof of Theorem \B . 1\ Recall that H\^^ = Hq + W^. A g]0,1], and to alleviate 
notations we write £'a(A) := E„{a) (A) and Eq{A) := E„(a)(A). To simplify the 

exposition we assume that the support of u is smaller than the unit cube; if not 
the case, the proof can be modified in a straightforward way, as in |CHK2| . In 
particular, UiUj = if « 7^ j. We also introduce x to be the characteristic function 
of a cube containing the support of u, contained in the unit cube, such that XiXj — 
if i ^ j, where Xj{^) = xi^ ~ J)- With A C A, and denoting = dist(A, A'^), we 
get 

tr(£;A(A)) = tr(i?A(A)i?o^(A)) + tr(i?A(A)£;o^(A^)). (B.9) 

We first consider the term tr(i?A(A)i?Q (A'^)) and take care of the unboundedness 
of the random variables. We have, 

tr(i?A(A)£;o^(A^)) < Q(A)A2 ^ \uj,uj,\\tY{ujEA{A)u,K,j)\ (B.IO) 

i,jeA 

<Cd(A)A2 J2 HuJj\\tT{u,EA{A)u,K,,)\ (B.ll) 
+ CdiA)X^'Y,\^^\''Mu^EAiA)uJ<u)\ (B.12) 



where 
and 



K. 



M 



E^A'^ 



< 1 



2(M + A+) (Af + A+)2 



dl 



(B.13) 



Cd{A) (B.14) 



for some M < 00 such that Hq + M > 1, for example M = 1 is enough, and where 
the Xi, Vi G Z'^ are compactly supported functions, with support slightly larger than 
the Mi's one such that XiUj = Ui. Note that Kij is trace class as soon as z 7^ j (since 
we assume suppw^ C Ai(j)), as can be seen by a successive use of the resolvent 
identity, and by Combes-Thomas its trace class norm satisfies ||i^y||i < Cde"'*"-'!, 
for i ^ j. It follows, as in [CGKl Eqs (4.1)-(4.4)], that 



\ti{ujEAiA)uiKij)\ 

i 

\ {^oj..\Ht{u,Ea{A)u,\IU,\) + \u:.^Ht{u,Ea{A)u,\K*^\)) 



< 



= ^|w,f |tr(?/,i;A(AK,5,;)l 



(B.15) 

(B.16) 
(B.17) 



where 



ith 



^+3 



ii^:,i)>o, 



maxtrS', < Q2 < 00. 



(B.18) 
(B.19) 
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It remains to consider the diagonal term i = j, that is \uji\'^ tY{uiE/^{/^)uiKii). Note 
that Kii is trace class in dimension d ^ 1,2,3 but not higher. To deal with the 
general case of arbitrary dimension we proceed as in |CHK2| and perform successive 
Cauchy-Schwartz inequalities, getting, for any integer m > 1, for some constant 

Kd,m < oo, 

Cd(A)|w,|2tr(u,£;A(A)u,A-,,) (B.20) 
< i tv{u,Ef,{A)ui) + Kd,m{Cd{/^)\u,\f"^ tr{u,EA{A)u,Kf). (B.21) 

We chose m so that Kf^^ ^ is trace class, that is, we take m{d) := 2™+^ > d, i.e., 
TO = [logd/ log 2]. where [x] stands for the integer part of x. It follows that, using 
X]j % — 1' uniformly in A < 1, 

tr(i?A(A)i?o^(A=)) (B.22) 

<\J2 i^i^^E^{A)ui) + Xrf,„(rf)A2 ^(Q(A)|c^,|)™('^) tY{u,EA{A)u,S^) (B.23) 

i i 

1 / 1, , I \ ™('^) 



< -tr£;A(A) +if, ^(,)A^}_^ ( ^ ) tTiu.EAiA)uA), (B.24) 



where 

= S, + i^r'"" > 0, (B.25) 
is a trace class operator. We apply (jB.Sp to finish the bound: 



Etr(i?A(A)i?o^(A^)) < -Etri?A(A) + C^a:^1^(| A|)|A|. (B.26) 

"a 

We now turn to the first term of the right hand side in (jB.9p . that is tr(£'A(A)i?,|^(A)). 
To get the general Wegner estimate (|B.2p the latter is treated as in [CHK2| , using 
either the unique continuation principle for the free Hamiltonian, or, in the Landau 
case, explicit properties of the Landau Hamiltonian. Note that we then incorporate 
dA in the constant. To get (|B.3[) . we control tr(i?A(A)i?|^(A)) using the hypoth- 
esis on the IDS of Hq, that is tri5jyg(A) < C|A|''|A|. In this case, we need dA to 
be small enough and it then remains to control the growth of the constant in the 
second term of the r.h.s. of (jB.26p . Taking dA = e'', with < 7 < 1, and using 
Q^{m(d)){\A\) < Ce'^ if ^ is ^-Holder continuous, we get, with a new constant Kw, 
and e small enough so that A C Ao, 

Etrii;A(A) < Kwmax (^e^*, --L_Q^,„(,„ (e) j |A| (B.27) 

< Kwmax (eT^ e?-'"^'')^) |A| (B.28) 
<AVe^+^|A| (B.29) 

where we have chosen 7 such that 7*5 = C ^ m{d)"/. 

Finally, in the particular case of (|B.5p . tr Eho{A) = as long as A C Aq. □ 

The following theorem contains an extension of [HiKS] to unbounded random 
variables. We set, for i? e M, Px,e,lj = X]-oo,e]{H\^lo), the Fermi projection. 
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Theorem B.2. Consider H\^^ with < A < 1 Assume that the IDS of Ho is Holder 
continuous in E ^ Aq an open interval. Then for some v > Q and Caq < oo, for 
any E, E' e Aq, \E — E'\ small enough, we have uniformly in Q < \ < 1, 

maxE{||xo(PA,£,^-PA,£',c.)x«lli} <Cao\E-E'\\ (B.30) 

and for some v' > 0, /or all E G Aq, for all A', A" G [0, 1] , |A" — A'| small enough, 

maxE{||xo(i'A',B,c.-PA",B,c.)x«|li} <CAo|A"-A'r'- (B.31) 

Proof. Eq. (jB.30p follows from Cauchy-Schwarz and the continuity of the Integrated 
Density of States of Hx.u, given by Theorem [RTl Eq. ((R4)) . We turn to ((B3I|) . Let 
£: G Aq and A', A" e [Ai,A2] possibly containing 0. We let 7 = |A' - A"|", where 
a G (0, 1) will be chosen later. Let f{t) be a smooth decaying switch function, 

equal to 1 for and for t > 1. We set g{t) = / {^-^^^^^^ ; note g G C°°(M), 

with < g{t) < 1, g{t) = 1 if t < £■ - 7, g{t) = if t > We write 

P\' ,E,u> — P\" ,E,u = {Px',E,u) — ,9^(^A',w)} (B.32) 

+ {g^Hx'^^) - g^{Hy,^^)} + {g\Hx",^) - Py',E,.} ■ 
By construction, for any A > wc have 

< Px,E,u - 9^{Hx,u) < Px,E,u - Px,E~j,c. , (B.33) 
and thus, for A^ = A', A" and any u E I?, we have 

llllxo {Px*.E..o. - g\Hx*J) x„||||i (B.34) 
Xo{Px*,E,u>- a'^{Hx#.u.)Y II II {Px#^E^u.- 9'^{Hx#.u.)Y Xr^ 



< 



= \\\\xo {Px*,E,Lo- 9^{Hx#.^)) Xolllli 

< IIIIXO {Px*,E,uj - Px*,E~'f^^) Xolllli < CaoY- 

To control the middle term in the r.h.s. of (jB.32p . we proceed as in |HiKS[ Eq. (3.8)] 
and sequel. In the Helffer-Sojstrand formula, one needs to go to the (4+2c?)th order. 
The term corresponding to |HiKS[ Eq. (3.15)] is controled as follows (we denote by 
Rx,w{z) the resolvent of Hx^ui): 

\\RxAz)v^Rx'Az)VuRxAz)x4 (b.35) 

< ^ \ujjUJk\\\Rx,u{z)ujRx'.u{z)ukRx,u>{z)xo\\ (B.36) 

< J2 l^jWfc||3^r^c-'=l'^"IIJ"^le-'=l®"ll'=l. (B.37) 

It follows, using the Combes-Thomas inequality, that 

E||x«5(i^A.^)!|i||i?A,c.(^)K.i?A',^(z)K.i?A,^(2)xo|| (B.38) 

< J2 (Ekc^fc|||x«5(^A,^)!|i)|3^r'e-^'''""^'^'e-^"*"ll'l (B.39) 

],keZ'i 

<C{I,d)\Qz\-^ J2 e-'=I^^IIJ-'=le-^l^^ll'=l (B.40) 
j,keZ'' 

< C(/,d)|3z|-3-2rf^ 
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by Theorem lA.2l The term corresponding to [HiKS| Eqs. (3.16)-(3.18)] is controled 

□ 



in a similar way using Theorem lA. 21 
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